The formation of transient cavities at liquid interfaces occurs in an immense variety of natural processes, among which the bursting of surface bubbles and the impact of a drop on a liquid pool are salient.
Introduction
The controllable generation of small droplets and aerosols is of great importance in a large variety of technologies, ranging from drug delivery to microfluidics, crop spraying and inkjet printing. In particular, inkjet has been a key driver in the recent interest in droplet generation techniques as it is directly relevant to a variety of modern digital non-contact manufacturing processes, such as graphic printing, 1 fabrication of transistors, 2 biochip arraying, 3 bioprinting 4 and 3D printing. 5, 6 Drop on Demand generators (DoD) are attracting interest due to their ability to controllably deliver minuscule volumes of materials onto a variety of surfaces in a digital non-contact process. [7] [8] [9] [10] DoD technologies based on piezoelectric elements were initially proposed by Zoltan 11 in 1972, and they were later improved to the most common configuration by Kyser and Sears 12 in 1976. The simplest design consists of a glass capillary bonded to a piezoelectric element, with a small nozzle at one of its ends. 13 By carefully selecting a suitable voltage pulse, the capillary is squeezed and/or relaxed, and a droplet similar in size to that of the nozzle is ejected. The overarching challenge faced by the piezo-DoD method is finding the appropriate shape, amplitude and duration of the voltage pulse (the so-called 'waveform' in the inkjet jargon) that will actuate the piezo-element and ultimately produce one droplet per pulse. Great care is taken (with fine tuning carried out empirically by trial-and-error methods) to produce one single droplet without the generation of undesirable so-called satellite droplets.
The ability to control the droplet volume is of fundamental importance, especially if one wants to define or increase the printing resolution while also reducing fluid consumption. In particular, minimizing the droplet size in a controllable fashion has therefore become a major driver, and challenge, for the scientific community. One immediate solution is to reduce the nozzle size. [14] [15] [16] [17] [18] [19] However, this leads to many problems as smaller nozzles are prone to clogging and are difficult to manufacture, clean and maintain. Methods to reduce the droplet size without necessarily reducing the size of the nozzle have then become desirable. Chen and Basaran 20, 21 in 2001 developed a new technique to produce droplets that are 50% smaller than the nozzle radius by controlling and exploiting the capillary, viscous and inertial time scales in a piezo-driven squeeze-mode glass nozzle. This was achieved by replacing the traditional pull-push pulse by a pull-push-pull waveform to suppress the formation of a primary 'large' droplet while simultaneously inducing the detachment of a tongue of fluid which led to the formation of a tiny droplet, smaller than the diameter of the nozzle. A few years later, the same group devised another method, 22 for the ejection of even smaller droplets from such nozzles. The method works by finding and exploiting resonances between capillary waves at the surface of the meniscus and an oscillatory inflow, driven by consecutive sinusoidal waveforms. The hydrodynamic interaction between these surface capillary waves and oscillatory inflows led to the generation of a shortlived high-pressure region in the centre of the capillary just under the surface of the interface/meniscus. If these pressures were high-enough to overcome surface tension, ultra-small droplets were ejected from the center of the meniscus. In a different work, 23 a modulation of the size of the ejected droplets in a DoD printhead was achieved by stimulating multiple piezoelectric elements with different spectral distributions, each exciting a different resonance mode at the fluid interface. By tailoring waveforms in this way, they were capable of stimulating the fluid interface to oscillate with one single mode while at the same time quenching others. If the amplitude of the perturbation and hence the oscillation was large enough, a droplet, with a size comparable to that of the center excursion of the oscillating meniscus, was ejected. Since the size of such a zone for high-order oscillation modes was much smaller than the orifice, the generated inkjet droplets were significantly smaller than the nozzle.
On the other hand, researchers have reported the generation of thin and fast jets after the collapse of liquid surface cavities. This phenomenon is a common source of fine aerosols of mechanical origin from quasi-static liquid surfaces, and examples of these are bubbling [24] [25] [26] [27] and droplet or solid impact 28 onto liquid pools. In most of these examples, a drop, or a series of drops, is generated as the result of the cavity collapse, raising the potential of using such a violent event to produce drops on demand. Based on the phenomenon of cavity collapse, Castrejón-Pita et al. 29 devised an alternative design to produce diminutive droplets by carefully controlling the pressure inside a simple liquid-filled reservoir in order to induce the formation and sudden collapse of a small liquid cavity at the interface of an open orifice -the nozzle. Central to the performance of this system is the application of a negative pressure pulse that creates a cavity at the nozzle (inverted meniscus) followed by its subsequent rapid collapse, leading to the formation of a thin and fast jet, as shown in Fig. 1 . Under the right conditions, a single, small and fast droplet breaks up from the jet's tip, with the rest of the ejected liquid recoiling back into the reservoir. A major advantage of this system is its clogging-proof nature, as it can handle heavily loaded liquids (e.g. pigment-based inks and colloids) while still being able to produce very small droplets. Also, depending on the actuation and timescales of the piston, this system produces a wider droplet-size spectrum compared to conventional methods. In this sense, this system is analogous to the flow focusing method 30 for steady jet emission. In this work, we present scaling arguments to predict droplet generation from the collapse of liquid cavities. Compared to the problem of jet ejection from bubble bursting, 25, [36] [37] [38] [39] the number of degrees of freedom and operating parameters makes this problem much more complex, but yet we show its main features are similar to the much simpler former natural process. In this regard, we show that the new degrees of freedom bring out their associated non-dimensional parameters without compromising the basic physical principles shared with bubble bursting, but adding new possibilities of fine-tuning for various practical applications. The approach is also practical as it aims to control the size of droplets making the system useful in inkjet applications. 7, 9 2 Experimental setup The systematic parametric study carried out for this investigation included both experiments and numerical simulations. We used a setup based on 29 jet liquid droplets from collapsing cavities. The schematic view of the experimental setup is shown in both Fig. 2 and 3 .
In brief, the experiment comprises a reservoir with the internal shape of that of a circular cylinder, machined out of polymethyl methacrylate, with diameter D = 30.0 mm and height H = 20.0 mm. Similar to the original design in ref. 29 , a thin brass sheet of thickness h = 0.25 mm with a circular nozzle with radius R 0 = 1 mm in its center is fixed to the top of this reservoir, as shown in Fig. 2 . The bottom end consists of a circular piston that moves by the action of an electromechanical actuator (YMC MS-20), which is in turn driven by a simple pull-mode (half-cycle) sine waveform. The input signal for the piston that produces the cavity is plotted in Fig. 4 . The properties of the sine-shaped pulse, such as amplitude and width, are designed within a LabView code. The waveform is therefore generated by a National Instrument acquisition card (USB X Series) and amplified by an integrated amplifier (ROTEL RA-921). All the images were obtained using a shadowgraphy system, in which drastic changes in refractive indices result in high intensity contrasts. Therefore, both the cavity and droplet appear as dark regions. In this case, without losing the generality or applicability of the system, the system was arranged in such a way that the droplets were traveling upwards.
A fibre optic displacement sensor (D6-C1H1) and a pressure transducer (Honeywell 40PC001B) are utilized to measure the displacement of the piston and the pressure inside the reservoir, respectively. When the negative pulse is applied, and since the fluid is pinned to the circular nozzle, the meniscus is pulled back into the reservoir forming a liquid cavity. Then, the piston moves towards the nozzle, producing the positive pressure that drives the collapse of the cavity, subsequently ejecting a thin liquid jet. Finally, the tip of the jet breaks up, delivering a fast droplet with a size comparable to that of the jet. After breakup, the meniscus relaxes to its original position at the nozzle. For the experiments described in the following text, the input pulse width is set to t pw = 4.2 ms.
Images were typically captured at 50 000 frames per second by a high speed camera (Phantom V12.1) coupled to a macro lens (90 mm Tamron) or a microscope lens (12Â Navitar lens). A cool-white light source (PhotoFluor II) coupled to a microstructured optical diffuser (Thorlabs) provided uniform lighting to back-illuminate the system. The camera field of view was 5.1 Â 8.0 mm 2 in which the pixel size is equal to 0.24 mm.
The cavity collapse, the jetting and the droplet position were recorded by high-speed imaging at all times during the jetting process. The diameter of the droplet was obtained by image analysis software (ImageJ) after calibration. The working fluid was introduced into the reservoir through a tube connected to a syringe opened to the atmosphere. The syringe is mounted on a micrometre stage to fill and level off the reservoir and to control the interface formed at the orifice (the meniscus).
Numerical simulations
Numerical simulations were based on mass continuity, momentum conservation, and liquid volume fraction equations for the incompressible flow regime and were resolved by the VoF scheme, implemented in the commercial solver FLUENT14.0. The axisymmetric configuration of the numerical simulations is illustrated in Fig. 5 (a). A uniform velocity distribution at the inlet was assumed, which corresponded to the velocity of the piston v(t). Additionally, a uniform pressure distribution was prescribed over the outlet section, which was located H/2 away from the nozzle. The initial conditions for the pressure and velocity fields are considered to be zero in both the liquid and gas phases. Finally, nonslip boundary conditions were imposed at the solid walls. A mesh consisting of 286 792 rectangular cells was used to spatially discretise the equations. In these simulations, two mesh sizes (5 and 500 mm per mesh length unit) were used to speed up the computational time, i.e. a finer mesh was used in the area covered by the movement of the meniscus/cavity. In our experiments and simulations, our droplet diameter ranged between 58 and 800 mm. Hence, the mesh size is about 12 times smaller than the smallest droplet, which is enough to avoid numerical diffusion at the droplet interface. Fig. 5 (b) shows the mesh distribution; in green, the fine mesh and in light-blue, the coarse mesh. Our stability analysis shows that our results are not affected by this mesh selection. The interface between the two phases was tracked by For the spatial discretisation of the equations, the third-order modified MUSCL scheme 41 was used to obtain the face fluxes whenever a cell was completely immersed in a single phase. When the cell was near the interface, the GEO-RECONSTRUCTION algorithm was applied. The pressure corrections were computed with the bodyforce-weighted scheme, and the pressure-velocity coupling was treated with the PISO method 42 in a segregated solver. All the simulations were conducted with D = 30 mm and H = 20 mm.
Further considerations
In order to compare numerical and experimental results, a number of practical considerations were required. First, the reservoir in the numerical model contains only one aperture, i.e. the nozzle. In contrast, the experimental setup has an additional liquid inlet used to adjust the position of the meniscus. Secondly, in the numerics, the nozzle plate was modelled as a solid rigid body but the thin brass plate on the prototype could suffer small deformations under the applied pressure. Consequently, during the pull phase in the experiment, the cavity volume (V cavity ) is equal to the displaced liquid volume by the action of the piston (V piston ) minus the volume displaced inside the syringe and the volume displaced by the plate deformation (see the difference in Fig. 6 ). In order to take these effects into account, the velocity of the piston was adjusted to produce the same cavity volume as in the experiment at the peak backward piston displacement. V cavity was measured by extracting the volume of the cavity using image analysis. V piston was in turn calculated by multiplying the displacement of the piston by the area of the reservoir. Within the studied experimental range, a cavity to piston displacement volume ratio of V cavity /V piston C 0.67 was determined. Simulations neither include the plate deformation nor the feeding system. Consequently, the piston velocity amplitude v À , in terms of the piston displacement h p , is calculated to give the same cavity volume as in the experiment:
where A is the reservoir cross sectional area.
Influence of initial shape of the meniscus
Experiments revealed that the initial shape of the unperturbed meniscus also played a role during the jetting process and therefore had an effect on the droplet size in a more pronounced way than in bubble bursting. 38 This was confirmed by numerical simulations, as shown in Fig. 7 , where the evolution of the liquid interface is plotted for both a flat and a concave initial meniscus. Simulations demonstrated that a concave meniscus with an initial maximum vertical distance of l 0 = 0.5 mm 
View Article Online
(i.e., l 0 /R 0 = 0.5, see Fig. 7(b) ) increased the droplet size by 70% compared to the droplet produced by an initially flat meniscus.
To further reduce the parametrical complexity of this study, the meniscus profile in the simulations will mimic those observed in the experiments. The break up dynamics is complex and the correctness of numerical simulations is usually tested against well-known scaling laws of pinch off. [43] [44] [45] [46] [47] Fig. 8 shows, from simulations, the diameter of the minimum jet's neck as a function of time for a 5 cSt jetting event. This shows the inviscid 45 regime and some indication of a transition towards the universal Inertial-Viscous regime. 43, 46 The axes have been made dimensionless using the nozzle radius R 0 = 2 mm and capillary time t c ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffi rR 0 =g p .
Experimental and numerical results
Our studies were focused on determining which characteristics of the system and liquid properties were relevant to the jetting and droplet breakup. Experiments were carried out using silicone oils with viscosities of 5 and 10 cSt as the working fluids; these are well-characterised Newtonian liquids with negligible dependance on the ambient temperature or humidity. The physical properties of these liquids are listed in Table 1 . The largest liquid cavity formed in our experiments was 6 mm 3 and we found that the cavity size is directly proportional to the piston velocity. Fig. 1(a) shows the jetting process using silicone oil (10 cSt). Experimental results show that the size of the droplet is determined by a plethora of parameters, including the piston velocity amplitude v À and the pulse width t p , as seen in Fig. 1(b) . Increasing the piston velocity causes a larger kinetic energy transfer to the fluid around the nozzle. As a consequence, a thinner jet and a smaller droplet are produced. In fact, the jet speed increases with a faster collapse (shorter pulse). The kinetic energy introduced not only affects the droplet size and its speed, but it also determines the liquid ejection mode (single or multiple droplets). In particular, our interest is focused on the situation where a single droplet is ejected, as this is what most applications require, such as in inkjet. In addition to v À and t p , other important parameters are the liquid properties (viscosity m, density r and surface tension s), and the nozzle geometry (orifice radius R 0 and thickness h).
The cases explored in the simulations are shown in Table 2 . Fig. 9 shows the numerical simulation of the jetting process of silicone oil (10 cSt) at a velocity amplitude v À of 2 mm s À1 and pulse width of 4 ms. These numerical results along with the experiments provided sufficient evidence to allow us to propose a universal scaling argument, which is used to ultimately describe the dynamics across the explored parametric space.
In the range explored in this work (please see Table 2 ), we found that diminutive droplets are produced for low surface tensions: a single droplet of silicon oil (5 cSt) with a radius of 27 mm can be produced when the surface tension equals s = 21.9 mN m À1 . The droplet sizes obtained from experiments and simulations, and their comparison are presented in Fig. 10 . These results show that under the conditions used in this work, numerical simulations are able to appropriately capture the experimental findings.
Scaling arguments
Studies on bubble bursting [24] [25] [26] 36, 37 have identified a singularity involving the axial collapse of a wave front caused by the burst Fig. 8 Dimensionless neck radius as a function of dimensionless time to breakup for the case producing a droplet of d = 800 mm. of a bubble film. The Ohnesorge number Oh = m/(rsR 0 ) 1/2 governs the phenomenon, where R 0 is the equivalent radius of the parent bubble in these studies. That collapse is physically similar to the one observed in the controlled cavity collapse here reported. The origin of the singularity can be found in the competition between the capillary speed and the viscous damping as the wave front advances in the meridional direction when we increase piston velocity. When the wave reaches the axis, the radially collapsing momentum shoots the liquid ligament and ejects a droplet (i.e., creating a net surface). In that instant, the local competition among the surface tension forces, inertia and viscous forces at the point of surface curvature reversal 38 leads to a scaling law where viscosity plays a counterintuitive role, producing a decrease in the size of the ejected ligament. This fact has been loosely interpreted as a focusing effect of viscosity 37 that produces very small droplets from bubble bursting. This can be understood in terms of the amount of initially available mechanical energy that viscosity dissipates just before the wave collapses at the axis: within a certain parametrical window, viscosity reduces the momentum of that wave, which consequently yields a smaller size scale of the ejection, but not necessarily a smaller scale of the velocity of ejection. 38 Therefore, there should be a limiting value of the viscosity above which no sufficient momentum is available at collapse to produce the ejection of a droplet. The existence of a critical Ohnesorge number Oh* C 0.04, 36 above which no droplets are ejected, supported this view. Experiment and simulations indicate that there is a minimum jet velocity in which a droplet breaks up and separates from the jet. Below this value, the kinetic energy is not high enough to overcome the surface tension -the energy is enough to form a jet but it is then pulled back into the reservoir without breaking up. Any excess of kinetic energy above this limit forms a droplet. In summary, an excess of energy drives the jet velocity in all cases of cavity collapse, and it controls the subsequent droplet ejection. In fact, in other phenomena, this energy surplus may come from several sources, e.g. the film's surface energy in bubble bursting, 24 the surface electrical charge in the onset of electrospray, [31] [32] [33] [34] [35] or the kinetic energy in drops impacting a liquid pool. 28 In our system, this energy is introduced by the piston.
The analysis of the flow singularity at the collapse point can be made in terms of the local scales (geometrical and velocity scales) arising when the curvature of the surface at the axis undergoes a sudden change (the instants of curvature reversal). First, the amplitude and velocity of the wave that reaches the axis set a characteristic length L normal to the surface (i.e. in the axial direction) and a velocity scale V 0 in the radial direction, respectively (see Fig. 11 ). Second, the size of the initiated jet front and its shooting speed set the droplet size d (i.e. the characteristic radial scale of the emission) and the scale of the axial velocity V j , respectively. Using these four scales and the conservation equations of mass and momentum, Gañán-Calvo 38 obtained the scaling relations of d, L, and V 0 as functions of V j that hold for this problem as well. The balance of all components of the momentum equation r(v t + vÁrv) + sr(r s Án) À mr 2 v C 0 in the radial direction, assuming O(v t ) B O(vÁrv), leads to:
A third condition comes from mass continuity:
These three conditions lead to: 
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where l m = m 2 /(rs) and V m = s/m are the capillary-viscous length and velocity, respectively. 38 This scaling highlights the dependence of the ejected droplet size on the initial (or maximum) jet speed V j . The results of this universal scaling are shown for both bubble bursting and the present system in Fig. 12 , which shows that
In practical applications, the scaling in eqn (5) does not provide the general scaling of d as a function of the operation parameters as V j is unknown. While simple energy considerations permit the calculation of this scaling for V j in bubble bursting, 38 the argument for cavity collapse and its additional degrees of freedom demands further considerations.
According to our experiments and simulations, the dynamics of droplet jetting from cavity collapse is determined by a set of nine dimensional parameters {r, s, m, R 0 , t p , v n , h, l 0 , g}, where l 0 is the initial meniscus deformation from a flat surface (seen in Fig. 7) , g is the acceleration of gravity, and v n ¼ v À D As previously discussed, a critical velocity v critical defines the energy required to form a jet, but that is just short of producing a droplet. Under this notation, the effective mechanical energy excess e C D(rv n 2 /2) C rv n Dv should be proportional to Dv = v n À v critical assuming that Dv { v n . In fact, we found that Dv/v n is below 0.20 for all the conditions producing droplets in our experiments. Consequently, Dv is used here as a convenient parameter that reflects the energy excess that should be fundamentally determined by the capillary velocity v c = (s/(rR 0 )) 1/2 . Thus, the dependency of v critical on the set of seven parameters {r, s, m, R 0 , t pw , l 0 , h} can be reduced to v critical /v c = f (Oh,t,l 1 ,l 2 ), where t = t pw /t c , l 1 = l 0 /R 0 , and l 2 = h/R 0 .
Following the rationale found in a previous work, 38 the conditions under which v critical is met should correspond to that in which the total energy critically balances the kinetic energy of the ejected liquid column and the viscous dissipation. Thus, we introduce a critical Oh* controlling the droplet generation above which no droplet ejection occurs. Given the number of operational parameters of our system, Oh* cannot show the simple form exhibited in the bubble bursting problem. Following a systematic exploration of functional dependencies, and inspired by the work on bubble bursting 36, 38 where a critical Ohnesorge number was also used, we propose the following relationship:
where
R is the characteristic length of the system that should depend on the rest of the parameters, {t,l 1 ,l 2 }. A mathematical exploration of the simplest (polynomial) functional dependencies results in the following definitions:
and f (Oh,t,l 1 ,l 2 ) = exp[(4.20t + 1.47 À 44.10/t)Oh + l 1 À 2l 2 À l 2 2 ].
The numerical coefficients of eqn (9) and (10) were obtained using the experimental and simulation data, and they yield a Pearson regression coefficient of R 2 4 0.93 for a = À0.093 and a critical value of c Oh Ã ¼ 0:041. This value is consistent with Oh* C 0.040 obtained for bubble bursting 36, 38 (assuming R 0 as the equivalent parent bubble radius).
Finally, an analysis of the dominant parametrical dependence of V j on the rest of the parameters indicates that V j t p /R 0 E 1. Again, among the infinite possible functional relationships, we propose an exponential form as:
where j = f b C 1 + C 2 , b, A 0 and k are fitting parameters, with f = DvrR 0 2 /(t p s) representing the last non-dimensional parameter to produce a rational expression for the role of the energy excess, and C 1,2 = C 1,2 (Oh,t,l 1 ,l 2 ).
Our guide here is getting the maximum data collapse using the simplest possible functional dependencies. Linear programming optimisation yields b = 0.33 AE 0.01, A 0 = 20.2, and k = 0.8, with 
and C 2 = À0.2Oh À 3Oh 2 + 0.025/t À 0.06l 1 + 0.09l 1 2 À 2.4l 2 .
(14) 
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In summary, we have six fitting parameters {Oh*, A d , A 0 , a, b, k} and four polynomic adjustable functional forms (9), (10), (13) and (14) . Experiments and simulations were performed in the range of 3 o Re o 60 and the predicted speed. These are shown in Fig. 13 . As discussed, droplet speed and droplet size are connected through the scaling argument presented in eqn (5); i.e., a potential law with a À5/3 exponent. By applying this scaling to eqn (11) , one can obtain the droplet size shown in Fig. 14. These jetting parameters cover the known range in which single pinch-off droplets are known to exist. 48 
Conclusions
In this work, we have presented experimental and numerical results aimed at gaining a better understanding of a novel method to produce droplets significantly smaller than the nozzles from which they emerge. Moreover, we have proposed a physical model and scaling law to predict the size of the generated droplet based on the liquid properties, the nozzle geometry, and the driving waveform. The resulting system can operate on a dropon-demand mode, where the droplet generation is controlled by the piston velocity and the pulse width. This approach would also greatly benefit, for instance, grey-scale printing applications.
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